Given the Finsler structure (M, F ) on a manifold M, a Riemannian structure (M, h) and a linear connection on M are defined. They are obtained as the "average" of the Finsler structure and the Chern connection. This linear connection is the Levi-Civita connection of the Riemannian metric h. The relation between parallel transport of the Chern connection and the Levi-Civita connection of h are showed. Similar results for curvature endomorphism are proved.
Introduction
Let M be a n-dimensional, real, smooth manifold and consider the Finsler structure (M, F ). The purpose of this note is to show the existence of a Riemannian structure (M, h) obtained from the Finsler structure (M, F ) as an average. In addition, the average of the Chern connection of the Finsler structure (M, F ) is the Levi-Civita connection of the metric h and similar results are obtained for parallel transport and curvature endomorphism.
The present work is originated in a physical problem. Consider a discrete, deterministic physical system. Every physical state is described by a point in the phase space T * (TM), where M is the configuration manifold, TM the tangent bundle and T * (TM) the dual bundle of the tangent bundle. In this phase space there is defined a Hamiltonian function. We have found in reference [4] a relation between a candidate for the Hamiltonian function and some special type of Finsler geometry called Randers space( [2] ). The theory is consistent if the Hamiltonian operator evolves in such way that after a long term evolution compared with the Planck time, it is associated with the averaged Finsler structure. The averaged structure is Riemannian and the associated total Hamiltonian is equal to zero. After this evolution, a division between matter (including graviton) and gravity appears. In addition, the relation between the Hamiltonian function and Randers structure is not only natural, but also solves some problems of the Hilbert space formulation of deterministic systems ( [4] , [5] ).
In the present work we introduce the mathematical results and notions used in reference [4] . It is organized as follows. In Section 2, we recall the definitions and basic results of Finsler Geometry used in this note and fix our basic notation. We introduce the Chern connection ∇ and the corresponding curvature endomorphisms R, P and Q.
In Section 3, we explain the measure used for the integration of sections of vector bundles over the split tangent bundle N = TM \ {0}. With this measure we obtain the Riemannian structure (M, h) from the starting Finsler structure (M, F ) performing an "average".
In Section 4, the main result is stated and proved: the construction of the Levi-Civita connection∇ of the Riemannian metric h from the Chern connection associated with the Finsler structure (M, F ). We show the relation between parallel transports of both connections, ∇ and∇. Similar results are obtained for the curvature endomorphisms.
2 Definitions and notation. The Chern connection
Notation
We fix the main notation and recall the basic facts about Finsler geometry ( [2] ). Let (x, U) be a local coordinate system over the point x ∈ M, where x ∈ U have local coordinates (x 1 , ..., x n ) and U ⊂ M is an open set. We use Einstein's convention for equal repeated indices.
A tangent vector at the point x ∈ M is denoted by y i ∂ ∂x i , y i ∈ R. We can identify the point x with its coordinates (x 1 , ..., x n ) and the tangent vector y at x with its components, y = (y 1 , ..., y n ).
Definition 2.1 A Finsler structure F on the manifold M is a non-negative, real function F : TM → [0, ∞[ such that
1. It is smooth in the split tangent bundle N.
2. Positive homogeneity holds: F (x, λy) = λF (x, y) for every λ > 0.
3. Strong convexity holds: the Hessian matrix
is positive definite in N.
The matrix g ij (x, y) is the matrix of the fundamental tensor.
Definition 2.2 Let (M, F ) be a Finsler structure and (x, y, U) a local coordinate system on TM. The Cartan tensor components are defined by the set of functions ( [2] ),
These functions are homogeneous of degree zero in (y 1 , ..., y n ). In the Riemannian case A ijk are zero, and this fact characterizes Riemannian geometry from other types of Finsler geometries (Deicke's theorem).
Because the components of the fundamental and the Cartan tensors have a dependence in the direction y, it is natural to use other manifold than M in order to study their properties. A natural construction is the following: consider the vector bundle π * (TM), pull back of TM by the projection
π * (TM) has as base manifold N, the fiber over the point u = (x, y) ∈ N is isomorphic to T x M for every point u ∈ π −1 (x) and the structure group is isomorphic to GL(n, R). The sphere bundle SM is defined as follows: consider the manifold N and the projection
SM is a fiber bundle over the manifold M, with fiber over the point x ∈ M homeomorphic to the sphere S n−1 and with projection
Since the matrix g ij (x, y) is also invariant under a positive scaling of y, it lives in SM. The Cartan tensor components A ijk also live in SM. If F is absolutely homogeneous rather than positive homogeneous, the functions g ij and A ijk live in PTM, the projective tangent bundle. PTM is defined in a similar way as SM but the projection sends y and −y to the same equivalent class.
SM is the most natural setting to study Finsler geometry. Nevertheless we can work in the bundle π * (TM) if we work with explicitly invariant objects under the scaling y → λy, λ > 0, being objects living in SM.
The Non-Linear connection
There is a non-linear connection in the tangent bundleπ : TN −→ N. The non-linear connection coefficients are first defined by the formula
The formal second kind Christoffel's symbols γ i jk are defined in local coordinates by
and
F are invariant under the scaling y → λy, λ ∈ R + . Let us consider the local coordinate system (x, y) of the manifold TM. Consider an open set U ∈ N. The induced tangent basis for T u N is ( [2] )
The set of local sections
The subspace to V u implies the splitting of
This decomposition is invariant by the action of GL(2n, R). Therefore we can write the decomposition of the tangent bundle TN = V ⊕ H such that V = Kern dπ. This covariant splitting is equivalent to the existence of the non-linear connection (indeed this splitting defines a connection in the sense of Ehresmann ([3])). The local dual basis in the dual vector bundle T * N is
The Chern connection
Consider the projections
The vector bundle π * (TM) is completely determined as a subset of TM × N by the equivalence relation defined in the following way: for every u ∈ N and ξ ∈ π
π * (TM) ⊂ TM × N and the projection on the first and second factors are also denoted by
We can define in a similar way a vector bundle π * (TM) over SM for arbitrary Finsler structures or over PTM in the case of homogeneous Finsler structures. g(x, y) := 1 2
2. Cartan tensor:
The Chern connection ∇ is determined through the structure equations for the connection 1-forms as follows,
The vector bundle π * (TM) admits a unique linear connection characterized by the connection 1-forms {ω i j } such that the following structure equations hold:
2. Almost g-compatibility condition,
Torsion freeness condition is equivalent to the absence of terms containing dy i in the connection 1-forms ω i j and also implies the symmetry of the connection coefficients Γ i jk ,
Torsion freeness condition and almost g-compatibility determines the expression of the connection coefficients of the Chern connection in terms of the Cartan and fundamental tensor components ( [2] ).
There is a coordinate-free characterization of the Chern connection. Let us denote by V (·) the vertical and by H(·) the horizontal projections defined by the non-linear connection on N. Then, Proposition 2.5 Let (M, F ) be a Finsler structure. Then the almost g-compatibility condition (2.6) is equivalent to:
Proof: It is only necessary to write the above equations in local coordinates,
The first term is the vertical component and the second term is the horizontal component. The result follows as a consequence of the properties defining the Chern connection of theorem 2.4. 2 Proposition 2.6 Let (M, F ) be a Finsler structure. The torsion-free condition (2.5) is equivalent to the following conditions:
2. Let us consider X, Y ∈ TM and the associated vector fields with horizontal components X i and
Proof: It is only necessary to write the above equations in local coordinates and perform the corresponding calculations in a similar way as in the proof of proposition 2.5. The result follows from the characterization of the Chern connection of theorem 2.4. 2
The curvature endomorphisms associated with the connection w are determined by the exterior covariant differential of the connection 1-forms {ω i j },
In local coordinates, the curvature is decomposed in the following way:
The quantities R, P and Q are called the hh, hv, and vv-curvature tensors of the Chern connection. In addition, for the Chern connection we have that Q = 0 ( [2] ).
The Riemannian metric h
In this section firstly we introduce a measure in order to integrate sections of π * (TM) and π * (Γ(M)). Secondly, we show the existence of a Riemannian structure (M, h) associated in a natural way with the Finsler structure (M, F ). This is achieved through an "average" of the Finsler structure (M, F ). An alternative derivation of the Riemannian metric h is showed. In addition, a geometric formula for h in terms of canonical projections is presented.
First derivation of the metric h
Let (x, U) be a local coordinate system on the base manifold M and (x, y) be the induced local coordinate system on the tangent bundle defined over U ⊂ M. The n-form d n y is given in local coordinates as
det g(x, y) is the determinant of the fundamental matrix g ij (x, y). This n-form d n y is invariant under local changes of coordinates on the manifold M ( [2] ).
Denote by g x (y) = g(x, y). Then the pair (T x M \ {0}, g x ) is a Riemannian structure and the above volume form gives a diffeomorphic invariant volume form in T x M \ {0}. 
is the indicatrix over the point x ∈ M.
Consider the metricg on
Proposition 3.3 ([2])
The induced volume form in the manifold (I x ,g) is given by
where the monomiald y j does not appear in the corresponding term of the sum and with y subject to the constrain F (x, y) = 1.
Definition 3.4 Let (M, F ) be a Finsler structure. A sub-set of sub-manifolds ∆ ⊂ N is called an invariant set of sub-manifolds if it is invariant under parallel transport along any horizontal pathγ ⊂ N,
We denote by an invariant measure a pair (ψ 2 , ∆) composed by a non-negative function ψ 2 : N −→ R with zero horizontal covariant derivative and a set of invariant sub-manifolds ∆ labeled by x ∈ M. {F, I x , x ∈ M} is an invariant measure when the indicatrix I x is considered a subset of N. We will check this fact in proposition 4.1, proving that the set of indicatrix is an invariant set. Definition 3.5 Let (M, F ) be a Finsler structure. Let f ∈ F(I x ) be a real, smooth function defined on the indicatrix I x and (ψ 2 , I x ) the invariant measure. We define the map
The norm of the measure is given by < 1 > ψ 2 . Only invariant measures which are normalized to 1 will be considered.
We define the Riemannian metric h. First we fix the invariant measure by putting ψ 2 = F 2 and ∆ = {I x ⊂ M, x ∈ M}. I x must be considered as a sub-manifold of N. For this invariant measure, we denote the average of the function f by < f > ψ 2 :=< f > . Definition 3.6 Let (M, F ) be a Finsler structure. Let us define the matrix coefficients by
(3.5)
In the case of smooth Finsler structures the coefficients {h ij , i, j = 1, .., n} are smooth. They can also be defined globally on M using an atlas and the associated partition of the unity.
Proposition 3.7 Let (M, F ) be a Finsler structure. Then the coefficients h ij (x), i, j = 1, ..., n are the components of a Riemannian metric in M such that in a local coordinate system (x, U)
Proof. Because the integration of a positive defined, real, symmetric n × n matrix is a matrix with the same properties, the {h ij , i, j = 1, ..., n.} are the components of a n × n matrix of this type. Consider
We must check its tensorial character. It is enough to check the transformation rule of h ij under changes of local coordinates in the manifold M. But it is clear from the definition 3.6, from the transformation rule of g and the invariance of the norm by transformations of the form x →x(x),
This implies the transformation rule for h ij (x)
2 Remark 3.8 Although the condition of horizontal invariance is not necessary in the definition of the metric h(x), it is essential for the investigation of the relation between the Chern connection of (M, F ) and the Levi-Civita connection of h.
The measure used is natural because it only involves the initial Finsler structure (M, F ). However from the same Finsler structure (M, F ) we can define several different measures, as the following examples prove. These measures are invariant along horizontal paths in N; vol(I x ) is also invariant under horizontal parallel transport. All these invariant measures ψ 2 have the same value on the indicatrix I x and therefore they produce the same metric h. 
We perform the average on each of these manifolds using the volume form of the metricg induced from g. The density function is ψ 2 = CF 2 .
Another derivation of the metric h
In the above sub-section we have performed the "average" on the indicatrix I x in order to obtain the components of the metric h at the point x. The same metric is obtained when the integration is performed in some sub-manifolds of T x M ⊂ N of dimension n. We perform this calculation here. Let (M, F ) be a Finsler structure and consider the set L(x, r, R) = {y ∈ T x M | r < F (x, y) < R, r < 1 < R}.
The measure function ψ 2 (x, y) is defined by
The function C(x, r, R) is given by the normalization condition
, L(x, r, R)} with r and R fixed is an invariant measure. The proof is based on the horizontal invariance of the Finsler function F .
Let us introduce Finsler spherical coordinates for the tangent space T x M through the relations
The functions f j (θ k ) are polynomial on sin θ k and cos θ k . ρ(x, y) is the Finsler norm of the vector y at the point x. The functions {f j (θ k ), j = 1, ..., n} have the same form as the ones appearing in the definition of spherical coordinates for S n−1 . {θ 1 , ..., θ n−1 } forms a local coordinate system for I x . This fact is proved as a consequence of the existence of spherical coordinates on S n−1 and the conditions of Finsler geometry: because I x is a convex, oriented sub-manifold of T x M \ {0} ([2]), we can project every point from I x to S n−1 x and this projection is a diffeomorphism. ρ is the scale factor of this projection, which is the value of the Finsler norm F (x, y) and (θ 1 , ..., θ n−1 ) are defined as the angular coordinates of the projection on the Euclidean sphere.
The relation between the invariant volume form d n y in local coordinates (y 1 , ..., y n ) and in spherical coordinates is given by the definition of the spherical volume form dΩ,
This n − 1 form dΩ depends on the angular coordinates (θ 1 , ..., θ n−1 ) but not on the radial coordinate ρ; it is the (n − 1)-volume form induced from the canonical volume of the Riemannian manifold (I x M,g).
We can use spherical Finsler coordinates to calculate the integral; due to the fact that F (x, y) is positive homogeneous of degree 1 in the (y 1 , ..., y n ) coordinates, the function C(x, r, R) can be expressed as
The determinant function √ det g is homogeneous of degree zero in ρ and then
Therefore,
We can define another Riemannian metric from the initial Finsler structure (M, F ), Definition 3.12 Let (M, F ) be a Finsler structure and let (x, U) be a local coordinate system of M. The 2-form h(x, r, R) is defined in this local coordinate system by the set of component functions {h ij (x, r, R), i, j = 1, ..., n} given by:
and it is given by the formula h(x, r, R) = h ij (x, r, R) dx
Proposition 3.13 Let (M, F ) be a Finsler structure. Then h(x, r, R) is a Riemannian metric.
Proof: It is analogous to the proof of proposition 3.7. 2 Proposition 3.14 Let (M, F ) be a Finsler structure. Then the set of coefficients {h ij (x, r, R), i, j = 1, ..., n} are independent of r and R.
Proof: We perform the calculation of the integral. But first we note the following facts about the integrand, 1. F −n is homogeneous of degree −n in ρ.
d
n y is homogeneous of degree n − 1 in ρ.
3. g ij is homogeneous of degree zero in ρ.
4. dΩ is independent of ρ.
detg is independent of ρ.
Then a short calculation gives,
This calculation shows that h ij (x, r, R) is independent of r and R. 2 In fact, the above proposition implies that the metric h(x) and h(x, r, R) are the same, if we take the limit r −→ 1 and R −→ 1 in h ij (x, r, R). Since the coefficients h ij (x, r, R) does not depend on (r, R), the limit exist and it is equal to the constant value h ij (x). Then, Corollary 3.15 Let (M, F ) be a Finsler structure. Then h(x, r, R) = h(x).
(3.9)
Now we prove that the value of the Cartan tensor for h(x) and for h(x, r, R) is zero, in accordance with Deicke's theorem, Proposition 3.16 Let (M, F ) be a Finsler structure. Then the Cartan tensor associated with h ij (x, r, R) is zero.
Proof. The partial derivatives respect the spherical coordinates are zero because these coordinates are completely integrated. The derivative in the radial direction ρ is zero because the integrand is invariant under the global dilatation y −→ λy ⇒ h(x) −→ h(x). This implies ∂hij ∂ρ = 0. Since all partial derivatives are zero in these local coordinates in T x M, we can conclude that A ijk = 0. 
A coordinate-free formula for h
We present a geometric formula for the metric h described in the above sections. It is achieved using the canonical projections of the bundle π * (ΓM), Proposition 3.17 Let (M, F ) be a Finsler structure. Then the following equation holds,
This equality holds for the pull back π * S of sections S. 2 The proof can be extended to any metric h obtained as an average from g. Then we have the formula:
The following proposition is a consequence of the definition of the average < · >, Proposition 3.18 Let (M, F ) be a Finsler structure. Then the following properties hold:
2. Denote by g t = tg 1 + (1 − t)g 2 and suppose that < g 1 >=< g 2 >. Then < g t >=< g 1 > .
However < · > does not preserve the tensor product,
This is due to the mix produced by the density function F 2 .
The Levi-Civita connection of h and its relations with the Chern connection of F
In this section we find the relation between the Levi-Civita connection of the Riemannian structure (M, h) and the Chern connection ∇ of the underlying Finsler structure (M, F ). Similar results are obtained for parallel transport and curvature endomorphisms.
The Levi-Civita connection of h
Let us consider a tensor S u ∈ π * u (Γ(M)) and a tangent vector fieldX along the horizontal path γ ⊂ N connecting the points u ∈ I x and v ∈ I z . The parallel transport alongγ of a section is denoted by τγ(S). The parallel transport alongγ of the point u ∈ I x is τγ(u) =γ(1). Proposition 4.1 (Invariance of the indicatrix by horizontal parallel transport.) Let (M, F ) be a Finsler structure,γ an horizontal path and I x (resp (I z )) the indicatrix over x (resp z). Then τγ(I x ) = I z .
Proof: LetX be the horizontal lifting in TN of the tangent vector field X along the path γ ⊂ M joining x and z. Then, proposition 2.5 implies ∇X g = 2A(X, ·, · ) = 0 because the vector fieldX is horizontal and the Cartan tensor is evaluated in the first argument.
The value of the Finsler norm
withX ∈ TN horizontal. The first term is zero because the above calculation. The second term is zero because of the definition of parallel transport of vectors, ∇X Y = 0. Therefore the indicatrix is mapped from I x to I z because parallel transport is a diffeomorphism. 2 This proposition implies that the set of sub-manifolds ∆ = {I x ⊂ N, x∈ M} is an invariant set of sub-manifolds and that F (x, y) is invariant under horizontal parallel transport.
For arbitrary points u, v ∈ π −1 (x), let us define the following homomorphism
for every tensor S x ∈ Γ x (M). Similarly, we define the following map: for every tangent vector S x ∈ Γ x (M) and v ∈ π −1 (x),
Therefore we obtain π * u π 2 | v = T uv . Note that for arbitrary u, v ∈ (π * ) −1 an arbitrary tensor S u , in general is not true that
u S x and it is in general different than S u . This fact makes necessary the introduction of a set of endomorphisms {ϑ v , v ∈ N} defined by:
for every tensor S v ∈ π * v (Γ(M))). Let us consider two arbitrary vectors fields S 1 , S 2 ∈ π * (TM). In a local basis,
There is a local basis {e 1 , .., e n } of π * u (TM) such that S 1 = S l 1 T vu e l and S 2 = S l 2 T vu e l . Then,
Since this happens for arbitrary vector S v , ϑ v is linear. This proof can be extended to tensor of arbitrary order.
The following property holds: the product of the"average" of two local operators (depending only on u ∈ I x ) is the average of the product,
The proof is a short calculation,
On the other hand, if we average "integrating" the u label in both sides of the equation (4.3) we obtain
for every section S ∈ π * (Γ(M)) ( or any section S defined over an open set U ⊂ N containing I x and v). This formula is used in many calculations involving several consecutive products of averages. We state these results as a proposition, Proposition 4.2 Let (M, F ) be a Finsler structure, u ∈ I x and v ∈ π −1 (x). Then 1. The following equation holds:
2. For linear, local operators A and B, < Aϑ >< Bϑ >=< ABϑ > .
Lemma 4.3 Let (M, F ) be a Finsler structure. Let ∇ H(X) be the covariant derivative of the Chern connection along the horizontal part of the vector X ∈ T v N. Then there is an open neigborhood U u of u such that
Proof. For every vector X ∈ TN, ∇ H(X) ϑ u (π * h) u = 0, ∀ u ∈ N, it follows from proposition 4.2 that
Let us consider the relation
In the present case,
the last equation follows from proposition 2.5 and 2.6. 2
Let f ∈ F(M) be a real function on the manifold M;
The definition is consistent because the function π * v f is constant for every
. Therefore, the image is the constant value f (x). Let (M, F ) be a Finsler structure and π(u) = x. Then the result of the action of π * on the basis { ∂ ∂x 1 | x , ..., ∂ ∂x n | x , x ∈ U } of the tangent space in T x M are the "transplanted sections",
(4.6) Therefore π * is an isomorphism between Γ x (M) and π −1 1 (u), ∀x ∈ M, u ∈ π −1 (x). Let us define the map:
This homomorphism is injective and the final result is a section of the tensor bundle Γ(N). In addition, it defines unambiguously a horizontal vector fieldX ∈ H for every vector field X ∈ TM.
The following Lemma is the main technical result of the present work: it shows the existence of a linear covariant derivative on M obtained as an "average" of the Chern connection. We denote also by < · > v the average integration in I x for operators. Lemma 4.5 Let (M, F ) be a Finsler structure and π(u) = x. Then there is defined on M a covariant derivative∇ X characterized by the conditions:
Proof: The consistency of the first and second equation can be proved making the following calculation,
In the above calculation the third equality is because the definition of the horizontal local basis { δ δx 1 | u , .., δ δx n | u } while the first and second equalities because the definitions we give before; the last equality is due to a general property of connections and the definition 4.4 of π * (f ) in local coordinates. Since π * is an isomorphism, we obtain the following formula,
We need the following formula: for any section S ∈ Γ(M) and tangent vector
In order to show the utility of the homomorphism ϑ v we perform the following short calculation. Let us write
The action of ϑ v over the pull back π * S of global sections is to evaluate the global section π * S in a point of a convenient open set in order to apply the Chern covariant derivative. This makes possible the definition of the covariant derivative∇ as a local operation.
We check the properties characterizing a linear covariant derivative for∇. However, in order to simplify the notation since always the action of ∇ ιu (X)ϑ w is to evaluate sections in a convenient neighborhood of u, we omit the homomorphism ϑ w in our calculations:
(4.10)
Proof: For the first equation:
(4.11)
Proof: for the first equation:∇
For the second equation the proof is similar.
3. The Leibniz rule holds:
(4.12)
Proof: We use the following property:
We denote the linear connection also by∇, such that for every section
(4.13)
We prove the main theorem of the present work: the Levi-Civita connection of (M, h) is just∇, Theorem 4.6 Let (M, F ) be a Finsler structure. Consider the linear connection∇ on M. Then∇ is the Levi-Civita connection of h.
It follows the h-compatibility of∇. The second condition of the torsion-freeness of the Chern connection can be written in terms of the covariant derivative∇ X of h,
from which follows the torsion-freeness condition for h. There is only one connection on M which is torsion free and h-compatible and it is the Levi-Civita connection. Therefore∇ is the Levi-Civita connection of h.2
We can give an explicit formula for the covariant derivative associated with the Levi-Civita connection of h in terms of the Chern connection of g. For a point x ∈ M, the covariant derivative of a section S ∈ Γ(M) along X ∈ T x M is given by∇
(4.14)
Structural theorems
In this section we present the relation of the parallel transport and curvature of the Levi-Civita connection of h with the the parallel transport and curvature derived from the Chern connection. The first result relates the parallel transport of the Levi-Civita connection with the parallel transport of the Chern connection.
Theorem 4.7 Let (M, F ) be a Finsler structure. Let γ be a path in M starting at x andγ u the horizontal lift in N starting at u, π(u) = x. Then,
(4.15)
Proof: Let X =γ the tangent vector alongγ. Then, The next result shows the relation between the hh-curvature endomorphisms of the Chern connection ∇ and the curvature endomorphisms of the Levi-Civita connection∇. We use a formula in order to express curvature as an infinitesimal parallel transport ( [1] ): denote by γ t ⊂ M the infinitesimal parallelogram built up from the vectors X, Y ∈ T x M with lengths equal to dt. Then for every linear connection, the curvature endomorphisms are given by the formula This equation has to be understood as an equality modulo second order terms in dt, disregarding terms of higher order in the development of parallel transport as a smooth function of dt. This formula can be used for the horizontal curvature of ∇ and the curvature of∇. Let us denote bỹ R := R∇ the curvature of∇, Theorem 4.8 Let (M, F ) be a Finsler structure. Let ι(X 1 ), ι(X 2 ) be the horizontal lifts in T u N of the linear independent vectors X 1 , X 2 ∈ T x M. Then for every section Y ∈ Γ(M),
(4.18)
Proof. The proof is based on the formula (4.17) for the value of curvature endomorphisms in terms of parallel transport and theorem 4.7. Let dγ and dγ be the infinitesimal parallelogram defined by the vectors X 1 , X 2 ∈ T x M and denote the corresponding horizontal lifts byX 1 andX 2 respectively. The following equation holds:R x = dtτ dγ − I, R = dtτd γ − I. Now the proof is just a short calculation, 
